SEPARATION OF VARIABLES



Class Activities: Sep of Var (1)

Dlscussion

Questions for Lecture (from UIUC)

1.) What are the physical reasons/motivation for wanting to solve the Laplace
equation or the Poisson equation?

2.) What is the general form of the 1-D solution to Laplaces equation?

3.) The nature of Laplace’s equation is such that it tolerates/allows NO local
maxima or minima for V(r); all extrema of V(r) must occur at
endpoints/boundaries. Why?

Whiteboards

Sinh and Cosh

Draw sinh and cosh, is it even/odd, what's the curvature, behaviour as x=0,
infinity, what's cosh(pi), etc...

Show my mathematica solution in powerpoint (I did *not* show the 2D "0-V0-0-
V0" boundary value problem, called "alternative_separation_variables.nb")

Whiteboards

Boundary conditions on E

One persistent difficulty that students have is an inability to recreate the
mathematical steps to determine the boundary conditions on the parallel and
perpendicular components of E. After watching 3 continuous semesters of this
course, | strongly recommend having a whiteboard or worksheet activity where
students are asked to derive those boundary conditions given a surface charge.

Simulation

Fourier

Show the PhET Fourier sim. Also show the mathematic notebook | made where
we can *look* at the Legendre Polynomials. See
http://phet.colorado.edu/index.php



Class Activities:
Sep of Var (2)

Discussion

Separability

Make up a function f(x) and a function g(y) and come up with a pair that satisfies
f(x)+g(y)=0. (You can’t do it unless they’re constants).

Tutorial

Electric Field Continuity across a Boundary

Oregon State University

Students working in small groups use Maxwell's equations to determine the
continuity of the electric field across a charged surface

Discussion

Cartesian separation of variables.

Taking the first several terms in the series will give an approximation of the
solution, much like in a Taylor expansion. How many terms should we keep to
have a reasonable approximation of the potential? This discussion question,
along with mathematica plots, is contained in the Chapter 3 clicker question
document.

Discussion

Cartesian separation of variables

Rectangular Pipe 2 is twice as wide as rectangular Pipe 1 and the shaded face is
at a potential V(x,y). Before applying the boundary conditions how will the
solutions to Laplace’s Equation be qualitatively different or similar? This is
included in Chapter 3 clicker question document.

Worksheet

Identifying separable differential equations

Dawn Meredith “Meaning in Mathematics”
http://pubpages.unh.edu/~dawnm/connectm&m.html

This sheet is practice (not guided inquiry) on recognizing separable diff egs. The
second page gives students a chance to see why second order diff eqs are never
separable.



Class Activities: Sep of Var (3)

Tutorial

Laplace’s Equation

Paul van Kampen — Dublin University (Tutorials 9-16, page 10)

Tutorial on Laplace’s equation. Conducting cylinder in E field. First describe
what happens to the cylinder when placed in the E field. Do separation of
variables in cylindrical coordinates.

Griffiths by Inquiry (Lab 2): Laplace’s Equation and Boundary Value
problems

Griffiths by Inquiry (Lab 3): 2D Boundary Value problems in Cartesian
coordinates

Griffiths by Inquiry (Lab 4): 2D Boundary Value problems in Cylindrical
coordinates

Griffiths by Inquiry (Lab 5): 3D Boundary Value problems in electrostatics



CARTESIAN COORDINATES



Say you have three functions f(x), g(y) and h(z).
f(x) dependson x butnoton ‘y or ‘z.
g(y) depends on ‘y’ butnoton ‘X" or ‘z’.
h(z) depends on ‘z" butnoton x or ‘y’.

If f(x) +g(y) + h(z) =0 for all x, y, z, then:

A) All three functions are constants (i.e. they do not
depend on x, y, z at all.)

B) At least one of these functions has to be zero
everywhere.

C) All of these functions have to be zero
everywhere.

D) All three functions have to be linear functions in

X, Y, or z respectively (such as f(x)=ax+b)
E) 7?7



3.10 Suppose V,(r) and V,(r) are linearly
iIndependent functions which both solve
Laplace's equation, V*V = ()

Does aV,(r)+bV,(r) also solve it (with a
and b constants)?

A) Yes. The Laplacian is a linear operator

B) No. The uniqgueness theorem says this
scenario Is impossible, there are never
two independent solutions!

C) It Is a definite yes or no, but the

reasons given above just aren't right!
D) It depends...



What IS the value of
()Sln(2x)S|n(3x)dx ?

A) Zero
B) m

C) 2r

D) other

E) | need resources to do an integral
like this!



¥
V(x,y)—ﬂ é_ lsin(npx/a)e'”py/“

n=135 n —



VA
Vix,y)=—2 a lsin(npx/a)e'”py/“




VA
Vix,y)=—2 a lsin(npx/a)e'”py/“




(Grab pp 3-4 when you are done with the first sheet)

A) DONE with page 1
B) DONE with page 2
C) DONE with page 3
D) DONE with page 4



311 Given the two diff. eq's:

1 d°X _ - 1dY
X dxz ; Y dyz

where C,+C, = 0. Given the boundary

conditions in the figure, which coordinate

should be assigned to the negative constant
(and thus the sinusoidal solutions)?

A) X B)y ’ 0
C) C,=C,=0 here .,

:C2

D) It doesn’'t matter




Two solutions for positive C are sinh x and cosh X :

Which is which?
A) Curve 1 Is sinh x and curve 2 Is cosh X
B) Curve 1 is cosh x and curve 2 Is sinh X



3.11 The X(x) equation in this problem involves
the "positive constant” solutions:
A sinh(kx) + B cosh(kx)

What do the boundary conditions say
about the coefficients A and B above?

A) A=0 (pure cosh)
B) B=0 (pure sinh)

C) Neither: you should
rewrite this in terms of
A' ekx + B' ekx | -2 v=0 a2

Vo

D) Other/not sure?



311 Given the two diff. eq's:

1 d°X 1d°Y
> = Cl = C2
X dx Y dyz
where C,+C, = 0. Which coordinate should
be assigned to the negative constant (and

thus the sinusoidal solutions)?

A) X B)y
C) C,=C,=0 here Vo

D) It doesn’'t matter




3.14

grounded sidewalls.
The base of each is held at VO.

|||7

#1

i o

H2

2 troughs («~ in z, I.e. out of page) have




. . ¢ 1 .
314 Vix,y)=—2 g =sin(npx/a)e "'

n=1,35.. 1
How does V(X,y) compare, 4 m above the middle
of the base in the two troughs?
A) Same In each
B) 4x bigger in #1 C) 4x bigger in #2
D) much bigger in #1 E) much bigger in #2

" #2
o e H
Lm — 4m
X |




SEP OF VAR: LEGENDRE POLYNOMIALS



315  Given V%V =() in Cartesian coords,
we separated V(X,y,z) = X(X)Y(y)Z(2).
Will this approach work in spherical
coordinates, I.e. can we separate

V(r.8,9) = R(P(B)F(¢)?

A) Sure.
B) Not quite - the angular components cannot
be isolated, e.qg. f(r,0,¢) = R(r)Y(6,0)

C) It won't work at all because the spherical
form of Laplace’s Equation has cross terms
In it (see the front cover of Griffiths)



3.18

P V(rq) = ag/lll”

P (cosg)

V everywhere on a spherical shell is a given

constant, i.e. V(R, 8) = V,,.

There are no charges inside the sphere.
Which terms do you expect to appear when

finding V(inside) ?

A) Many A, terms (but no B,'s)
B) Many B, terms (but no A,'s)

C) Just A,
D) Just B,
E) Something else!

Hint;

V must be finite everywhere.




Legendre Polynomials P, (x)

Po(x) =1 | "

P1(x) =X o
P Pa(X) = H5(3x%-1) i
P,(x) = 1/,(5x3-3x)




Orthogonality
. (2

j P (X)P (x)dx =1 2l +1
1 0 if l=m

it 1=m

With: x = cosf and: dx = - sin0d6 , we get:
z 2

jPl(cosé’)Pm (cos@)sinadf =+ 21 +1
0 O 1If I=#m

.

it I=m




3.17
Given 7V,(g)= é C P(cos(g)) we want to get to
, .

: 1 é 2 [:mlfl
the integral: 0P () P, (u)du = 22[+1’ 3
-1 & 0,/tm

we can do this by multiplying both sides by:

A) P, (cos0)
B) P,.(sinB)
C) P.,(cos0) sinB
D) P,,(sinB) cosB
E) P.(sinB) sinB




3.18

° V(rq)= aglzr B P(cosq)

Suppose V on a spherical shell is constant, i.e. V(R, 6) = V,,.
Which terms do you expect to appear when finding V(inside) ?

Hints:
A) Many A, terms (but no B,'s)

B) Many B, terms (but no A/s)

C) Just A,

D) Just By P,(cos6) = 1

E) Something else! P.(cos) = cosf

P,(cosb) = 3/2 cos?6 — Y2

Etc.

- Legendre Polynomials are
orthogonal

V must be finite everywhere.




3.18

V(rq)= aglzr B P(cosq)

Suppose V on a spherical shell is
constant, i.e. V(R, 8) = V,,.

Which terms do you expect to appear
when finding V(outside) ?

A) Many A, terms (but no B,'s)

B) Many B, terms (but no A/'s)

C) Just A,

D) Just B,

E) Something else!!



3.19a
Fy(cosq) =1 F(cosq) =cosq

P,(cosq) = gcos2 q- % P,(cosq) = gcosg’ q- gcosq

Can you write the function V, (1+ COS° C])
as a sum of Legendre Polynomials?

7 &
Vo(1+cos? g) = Q C,P,(cosq)
[=0
A)No, It cannot be done
B) It would require an infinite sum of terms
C) It would only involve P,
D) It would involve all three of P,, P, AND P,

E) Something else/none of the above




3.19

V(rq)= aglzr B P(cosq)

Suppose V on a spherical shell is
V(R,q) = V,(1+cos” g)

Which terms do you expect to appear
when finding V(inside) ?

A) Many A, terms (but no B,'s)

B) Many B, terms (but no A/'s)

C) Just A, and A,

D) Just B, and B,

E) Something else!



3.19

V(rq)= aglzr B P(cosq)

Suppose V on a spherical shell is
V(R.G) =V, (1+cosg)

Which terms do you expect to appear
when finding V(outside) ?

A) Many A, terms (but no B,'s)

B) Many B, terms (but no A/'s)

C) Just A, and A,

D) Just B, and B,

E) Something else!



MD11-2

V2V =0

Suppose that applying boundary conditions to Laplace's
equation leads to an equation of the form:

S (X ° cosQq)

gcl P (cosg) = 4+ 3cosq p (X) _q
P.(X) =X
P,(x)=(3x*-1)/2

Can you solve for the coefficients, the C,'s ?

A)No, you need at least one more equation to solve for any the
C's.

B) Yes, you have enough info to solve for all of the C's

C)Partially. Can solve for C, and C,, but cannot solve for the
other C's.

D) Partially. Can solve for C_, but cannot solve for the other C's.



3.19a
Fy(cosq) =1 F(cosq) =cosq

P,(cosq) = gcos2 q- % P,(cosq) = gcosg’ q- gcosq

Can you write the function Sin°qg as a sum of
Legendre Polynomials?

7 &
sin“g=a C,P(cosq)
[=0
A) No, it cannot be done
B) Yes, It would require an infinite sum of terms
C) Yes, only C, would be nonzero
D) Yes, but only C, and C, would be nonzero

E) Something else/none of the above



3.20 .-
How many boundary conditions

(on the potential V) do you use to
find V Inside the spherical plastic

shell?
A) 1l Vo(Q)
B) 2 —
C) 3
D) 4

E) It depends on V(g



3.21

Does the previous answer change
at all If you're asked for V outside
the sphere?

a) yes

b) No



>**" How many boundary conditions

(on the potential V) do you use to
find V Inside the thin plastic
spherical shell?

~Sold)

A) 1

B) 2

C)3

D) 4

E) other/depends
on 50



