
University of Colorado, Department of Physics
PHYS3220, Spring 11, HW#12

due Fri, Apr 22, in class
- Please note: Late Homeworks will not be accepted -

In the final problem of PHYS3220 we derive the analytic solution for the radial equation of
hydrogen atom. This one of the most important derivations in quantum mechanics. Stationary
states for the hydrogen atom that are also eigenstates of L2 and Lz take the form

Ψnlm(r, θ, φ) = Rnl(r)Ylm(θ, φ) ≡ unl(r)
r
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where unl(r) solve the radial equation
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with me is the mass of the electron and k = 1/(4πε0).

a) Divide Eq. (1) by E and define a variable ρ ≡ r/r′, where r′ is for you to determine such
that the first and the last term take the form
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+ ... = u (2)

What is r′? What is the sign of E appropriate to bound states, and given this, is r′ real
and positive? Next find a constant ρ0 such that Eq. (1) can be written as
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b) Show that the asymptotic solution of Eq. (3) in the limit r →∞ can be written as:

u ≈ A exp(−ρ) + B exp(+ρ) (4)

Which constraint do you have to put on A and B to make sure the wavefunction is
normalizable. Now show that in the limit r → 0 the radial equation becomes
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The solution of this equation is of the form u(ρ) ≈ Cρα. Which values for α satisfy the
equation? Which one do we have to throw out to prevent the wavefunction from blowing
up?

c) We now extract both asymptotic behaviours from u(ρ) by defining a new function v(ρ) via:

u(ρ) ≡ ρl+1 exp(−ρ)v(ρ) (6)

Verify that the radial equation becomes, in terms of v(ρ):
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+ [ρ0 − 2(l + 1)]v = 0 (7)

- Problem continues on the next page -



d) To solve the differential equation (7), we will postulate a series for v:

v(ρ) =
∞∑

j=0

cjρ
j (8)

where cj are constants. Show that the result of part c) implies the following recursion
relation for the constants:

cj+1 =
[
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]
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e) Let us explore what happens if the series goes on forever. Write down the large j-limit of
the recursion formula, and demonstrate that if this approximate form were exact, it would
imply

cj =
2j

j!
c0 (10)

This is only approximately true but it captures the large ρ-behavior. Using this formula,
sum up v(ρ) explicitely; the series should be familiar. Given this estimate for v(ρ) how
does u(ρ) = ρl+1 exp(−ρ)v(ρ) behave at large ρ? Is this acceptable, and why or why not?

f) To ensure that we can normalize the wavefunction, the series must stop at some point.
Assume that there exists a value of j called jmax such that cjmax 6= 0 but cjmax+1 = 0.
Solve for the relation between ρ0, jmax and l that this situation requires.

g) Finally, defining n = jmax + l + 1 for convenience and recalling the definition of ρ0, find
the allowed energies for the hydrogen atom, in terms of the quantities ~, k and me as well
as n. For fixed l, what is the smallest possible value of n, if any? For fixed l what is the
largest possible value for n, if any? Explain.

The functions v(ρ) can be expressed in terms of special functions called Laguerre polynomials;
for more details, see Griffiths textbook. The constant r′ turns out to be proportional to n, and
if this is extracted we are left with the Bohr radius a = r′/n, which sets the length scale for
atomic systems.
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