University of Colorado, Department of Physics
PHYS3220, Spring 11, HW#7
due Wed, Mar 2, in class
- Please note: Late Homeworks will not be accepted -

1. An infinitely high potential step

a) Start with the wave function derived in class for a potential step of finite height

(E < Vp):
(Va4 1/2
Ay (exp(ikx) + % exp(—zkm)) <0
x(x) = (2 -1)
— 24 73 exp(—Kz), x>0

with k = \/2mE/h? and k = /2m(Vp — E)/h? to find the wave function in both
regions for the limiting case Vy — oc.

(Hints: I suggest to think for moment what you expect as solutions in both regions
before you start the calculation. In the calculation is may be useful to separate the
nominator and denominator of the prefactor of the reflected wave in real and imagi-
nary parts.)

b) For the limiting case studied in part a): Are the wave function and its first derivative
continuous at the boundary x = 07 Explain your result.

2. Reflection and transmission coefficients
In class we have argued that R+7T = 1, where R is the reflection and T is the transmission
coefficient, respectively. This can be shown using the continuity equation:

oJ(x,t)  O|(x, 1)

ox ot

(Note that the continuity equation involves ¥(z,t) not x(z).)
To do so:

a) Show (or argue) that the right hand side of the continuity equation equals zero for
all scenarios studied in class (i.e. E < Vy and E > V}, all regions of the potential step
and potential barrier problems).

b) Next, show that J(z = o0) — J(z = —o0) = 0.

c) Write J(z = o0) and J(x = —o00) as functions of Jincidents Jrefiected a0d Jiransmitted
and show R+7T1T = 1.

- There is another problem on the back -



3. WKB approximation (cf. Griffiths, problem 8.2)
The WKB approximation is also known as a semiclassical approximation. In order to

better understand this, you will study in this problem an alternative derivation of the
WKB solution. Start by writing the wave function as:

U(z) = exp(i(f(z)/h))
where f(x) is a complex function. Note, that we can do this without any loss of generality.

a) Substitute the above expression into the one-dimensional time-independent Schrodinger

equation and show that
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where p(z) = \/2m[E — V (z)]
b) The semiclassical approximation involves writing f(z) as a power series in A:

f(x) = folz) + hfi(z) + B falz) + ...

Insert this expansion in the equation derived in part a). The resulting equation is
satisfied, if the coefficient of each power in A vanishes separately. Show that this

implies:
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c¢) Solve the set of equations from part b) for fo(z) and f1(z), and show that up to the
leading order in A you get the WKB solution:

U(z) = \/}%exp (i; / p(m)dx)




