Notes on Lie groups and Lie algebras for PHYS5030

Michael Hermele

1 Examples of Lie groups and Lie algebras

1.1 SO(N)

Now that we’ve discussed Lie groups and Lie algebras in general to some extent, let’s look at
some examples. We will start with SO(NV), the group of rotation matrices in N-dimensional
space. Recall that elements of SO(N) are just real N x N matrices R that satisfy RTR = I,
where [ is the N x N identity matrix, and also det R = 1. (If we drop the condition det R = 1,
then we have the group O(N).)

Our general discussion required us to start with a Lie group that has a faithful unitary
representation, and we already have that here, because the rotation matrices R are already
unitary. So for an infinitesimal rotation we can write R = I + ia,X,, where the X, are
Hermitian. The rotation matrices are a subset of N x N unitary matrices, so there will be
more conditions on X,. In particular since R is real, X, has to be purely imaginary. A
purely imaginary Hermitian matrix is necessarily antisymmetric, so X! = —X,. In fact this
is the only condition we need because

RTR = (I +ia, XI)(I +iopXp) = I +iaa(XI + X,), (1.1)

dropping second order terms for infinitesimal a,. As long as X, is antisymmetric, the
right-hand side is just the identity matrix I. Therefore the generators of SO(N) are just
antisymmetric Hermitian matrices. We will pick X, to be a basis for such matrices (see
below). We won’t try to prove it, but it’s true that a general SO(NN) matrix can be written

in the form
R = exp(ia, X,). (1.2)

What about the condition det R = 17 There is a useful matrix identity,
det e = T4, (1.3)

This is easy to prove if A is Hermitian (or anti-Hermitian) — go to a basis where A is diagonal,
and the identity is obviously true in this basis. Then observe that both the determinant and
the trace are basis-independent, so it has to be true in any basis.

In the present case, since any anti-symmetric matrix X, is traceless, we have det R =
exp(ia, tr X,) = € = 1. So any matrix of the form Eq. (1.2) is automatically in SO(N), i.e.



it automatically has determinant 1, even though we did not use the determinant 1 condition
in figuring out the generators. Since we didn’t use the determinant 1 condition, you might
have thought we would get all orthogonal matrices. The reason we don’t get orthogonal
matrices with determinant —1 is that these are not continuously connected to the identity
matrix, but any matrix of the form Eq. (1.2) is obviously continuously connected to the
identity (just make ¢, smaller and smaller). To recap what happened here, the groups
SO(N) and O(N) have the same generators, but if we exponentiate the generators, we only
get SO(N) matrices. This makes sense, because it turns out that SO(N) is precisely the
subgroup of O(N) consisting of those orthogonal matrices that can be continuously deformed
to the identity matrix.

To get a handle on the Lie algebra of SO(N), it’s helpful to choose a particular set of
X,’s. First let’s look at N = 2. In this case, up to a proportionality constant, there is only
one 2 x 2 Hermitian antisymmetric matrix,

Xlz((; _OZ) (1.4)

The only thing to say about the SO(2) Lie algebra is the obvious fact that [Xi, X;] = 0.
This just reflects the fact that rotations of two-dimensional space always commute with each
other.

Let’s move on to N = 3, which is more interesting. Then there are three generators, and
we choose

00 O
0 ¢+ O
0 0 2
- 0 0
0 —i 0
X; = | i 0 0|=L (1.7)
0 0 0

In Zee’s book, these matrices are called J,, J, and J., respectively, and they generate
rotations about the z, y and z axes. (You should check this e.g. by working out the matrix
exponential exp(i¢6Lsz), which corresponds to a rotation by € about the z-axis. You can work
this out directly from the Taylor series that defines the matrix exponential.) These matrices
obey the familiar commutation relations

[Laa Lb] = Z‘Eabcha (18)

where €4, is the usual completely antisymmetric e-symbol. So evidently for SO(3), we have
found the structure constants of the Lie algebra, and fup. = €upe- It’s important to note that
the structure constants depended on making a particular choice of the X,’s, a basis choice



if you like. We could have chosen a different set of three X,’s, as long as any Hermitian
antisymmetric matrix can be written as a linear combination of them (with real coefficients),
and this would be fine but the expression for the structure constants would be different in
this different basis.

Just a quick word about notation here — I am trying to use X, to refer to the generators
of a Lie algebra in general, but use other symbols (at least sometimes) when referring to
specific generators of some specific Lie algebra. That’s why I called the generators Ly, Lo, L3
above.

Now let’s discuss the generators and the Lie algebra for general N. In N-dimensional
space, the analog of rotations about the z, y and z axes in three-dimensional space are
rotations in the (mn)-plane, where m,n =1,..., N and we take m < n. In such a rotation,
we rotate the m-axis into the n-axis and vice versa. So for instance, a rotation about the
z-axis in three dimensional space can also be described as a rotation in the (12)-plane. This
kind of description is better for N > 3, because for N > 3, we can’t specify a plane by “the”
axis perpendicular to it — there are many axes perpendicular to each plane. So to write
down the generators of SO(N), we trade the label a for the new label (mn) ... these are just
different ways of labeling the generators, so we can use whatever notation we like. Then we
will have generators X(,,,) = Lmn), which are given by the formula

You should convince yourself that (1) this is an antisymmetric N x N matrix and (2) any
Hermitian antisymmetric N x N matrix can be written as a real linear combination of the
L(imny’s. How many generators are there? There are N(IN — 1)/2 (you should also convince
yourself of this).

The SO(N) Lie algebra is then given by computing the commutators of these matrices,
which are

[ Lmny» Lip)] = 1(OmpLing) + OngLimp) = OnpLma) = OmaLinp))- (1.10)

1.2 U(N) and SU(N)

Another important Lie group is U(/N), the group of N x N unitary matrices. It also has the
important subgroup SU(N), consisting of those unitary matrices with determinant one.

Let’s start with U(N), which is defined precisely as the type of faithful representation we
need to get started. We already saw that if the infinitesimal transformation U = 1 + ia, X,
is unitary, then X, is Hermitian, and there are no further restrictions. So the generators of
U(N) are simply Hermitian matrices X,. Let’s look at some special cases first.

Take N =1, then any Hermitian matrix is just a real number, and we can take X; = 1.
This is kind of boring in the same way the Lie algebra for SO(2) is boring. In fact, SO(2)
and U(1) are isomorphic groups (convince yourself of this), so their Lie algebras also have
to be the same.

N = 2 is more interesting, then there are four generators which we label as Xo, ..., X3,



and which are

X, = ( oY ) (1.11)
X, = %(? é):%aﬂc (1.12)
X, = % ( ? _Oi ) = %ay (1.13)
X = ( o ) = (1.14)

where we have introduced the 2 x 2 Pauli matrices 0”, ¢¥ and o, and the factors of 1/2
are purely conventional (but convenient). How do I know we have enough generators? Any
2 x 2 Hermitian matrix can be written as a linear combination of these matrices (convince
yourself of this statement). We won’t prove it, but a general U(2) matrix can be obtained
by exponentiating these generators, U = exp(ic,X,).

We can now specify the Lie algebra of SU(2) by the commutators

(X0, Xa] = 0 (1.15)
[XZ',XJ'] = iEiijk, (116)
where a = 0,...,3 and the indices 7,5,k = 1,...,3. The first equation says Xy commutes

with everything else ... no surprise since it’s the identity matrix. The second equation is the
same as the Lie algebra for SO(3) — more on that later.

These commutation relations tell us that we can get a new Lie algebra by dropping X
entirely and just focusing on the three generators X;, Xs and Xj3. Notice that these three
generators are traceless Hermitian matrices. What Lie group do we get if we exponentiate
only these generators, that is if we consider those unitary matrices with U = exp(ic; X;)?
We get the group SU(2). Remembering that SU(2) is the group of unitary matrices with
unit determinant, this follows from the same determinant identity Eq. (1.3), and the fact
that the X; are traceless.

More generally, U(N) has N? generators. Why N?? This is because N x N Hermitian
matrices are specified by N? real parameters — there are N real numbers giving the diagonal
matrix elements, and there are (N?— N)/2 independent complex numbers above the diagonal,
or equivalently N? — N real numbers. (The matrix elements below the diagonal are given in
terms of those above the diagonal by the requirement that the matrix is Hermitian.) So we
have a total of N? real numbers.

As before, we can take one of the generators to be the identity matrix, and we can take
the other N2 — 1 to be some basis for traceless, Hermitian matrices. These N2 — 1 matrices
are the generators for SU(N). The difference between the U(N) and SU(N) Lie algebras
is relatively trivial — at least, it’s clear that if we can understand the SU(N) Lie algebra
then we’ve understood the U(NN) Lie algebra, too. This is why people generally focus on
the SU(N) Lie algebra. Unlike for SO(N), we won’t try to write down an explicit set of
generators for SU(N), at least not yet.



2 Representations of a Lie algebra

Remember that a Lie algebra is the commutator algebra
[Xau Xb] = Z.fachc‘ (21)

While we introduced Lie algebras as commutator algebras of matrices, we can also think of
the X,’s as some abstract objects satisfying the commutator algebra above. If one is really
going to do that (we are not), then we have to more carefully define what we’re talking
about, and specify what properties these abstract objects have. Nonetheless it’s helpful to
be aware of the existence of such a more abstract point of view to have a sense of what we
mean by representations of Lie algebras.

We know what it means to have a representation of a group. What does it mean to have
a representation of a Lie algebra? A representation of a Lie algebra is a set of Hermitian
matrices — we could call them M, — with one matrix for each generator X,, and satisfying
the same commutator algebra, i.e.

[Mm Mb] = Z.fabc]\4c- (22)

Here we are not thinking abstractly — the M,’s are a bunch of matrices and we’re looking at
their commutators. Even if we obtained the X,’s as matrices, the M,’s could be different.
For example, the M,’s can be matrices of a different size than the X,’s. If the matrices M,
are d x d matrices, we say the representation has dimension d.

Just as for representations of groups, we can talk about reducibility / irreducibility of
representations of Lie algebras. A representation is reducible if it has an invariant subspace,
which is just a subspace of column vectors that goes into itself upon multiplying by any of the
matrices M,. Irreducible reps (irreps) are those that are not reducible. Two representations
M, and M/ are equivalent if there is a unitary matrix U such that M! = UTM,U. (Since we
take the M, to be Hermitian, we don’t want to consider a general similarity transformation.)
A representation is completely reducible if one can go to a basis where the M,’s are block
diagonal (every matrix M, has to have the same block structure), with M, matrices for irreps
appearing in the blocks.

3 SU(2) vs. SO(3)

3.1 Double cover map

We've now seen that SU(2) and SO(3) have the same Lie algebra. But they are definitely
not the same group. A quick way to see that is to observe that SU(2) has two elements that
commute with all elements in the group, the 2 x 2 identity matrix 7, and also —1I, i.e. minus
the identity matrix. By contrast, the only element of SO(3) that commutes with everything
else is the identity matrix.

In fact there is a map from SU(2) to SO(3), which is said to give a “double cover” of
SO(3). All this means is that there are exactly two elements of SU(2) that map to each
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element of SO(3). To get an idea of how this map works, first recall that any SO(3) matrix
can be written B
R = exp(iag,L,) = exp(iad - L) = R(«, &), (3.1)

where I arranged the three generators into a vector L= (L1, Lo, L3), and T am also thinking
of o, as a vector @ = ad@, where o« = |@] and & is a unit vector. The interpretation here is
that R is a rotation by the angle o about the axis given by &. Note that rotation by 27 is
the same as no rotation at all; that is R(27, &) = 1.

Suggestively, we can also write a general SU(2) matrix as

U = exp (%a : 5) = U(a, @). (3.2)

But now, U(27,&) = —1. In fact, more generally, U(a + 27, &) = —U(«, &). This suggests
that we have a two-to-one map
Ula, &) — Rl(a, &), (3.3)

where clearly U(«, &) and U(a + 27, &) both map to the same SO(3) rotation matrix.
There is indeed such a map, and let’s describe how to obtain it, then give an explicit
formula. First of all I claim that, given any U € SU(2), the following equation holds:

Uo'U' = R;;(U)o’. (3.4)

Here i, 7 = z,y, z and there is an implied sum on the right hand side (as usual). (Note there
is a different placement of the indices from how I originally defined this in lecture — the reason
I changed conventions is to make things work out nicely later on.) This equation is saying
that Uc'U' is a linear combination of Pauli matrices, with coefficients R;;(U). (It’s clear
that these coefficients are a function of U, because U is the only information we specify on
the left-hand side.) How to see that this is true. First, it is obvious that Uc*UT is Hermitian
(just take the Hermitian conjugate). Second,

tr(Uc'UT) = tr(a'UU) = tr(o') = 0, (3.5)

so Uc'UT is both traceless and Hermitian. But any traceless, Hermitian 2 x 2 matrix can
be written as a linear combination of the Pauli matrices with real coefficients. Therefore
Eq. (3.4) is true, and Rj;(U) € R.

So far, from U we have obtained a set of 9 real numbers, R;;(U), which we can assemble
into a 3 x 3 matrix R(U). We still need to show that R(U) is a rotation matrix, i.e. that it
is an element of SO(3). To do this we will use the Pauli matrix identity

O'iO'j = (SijIQXQ —+ iEiijk, (36)

where Iy o is the 2 x 2 identity matrix. Then we will find two different expressions for
Uco'oUT and compare them. First,

[]O'iO'j(]Jr = U[éij_[2><2 + i€ijk0k]UT = (SijIQXQ + iEiijO'kUT. (37)
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The second term is a linear combination of Pauli matrices, but we won’t need to simplify it
further. Alternatively we have

Uo'd?U' = (Ud'UNUc?U') = Rpi(U)Ryj (U)o oy = Rii(U) Ry (U) [Srelaxa + i€romo™)
= Rii(U)Ryj(U)laxa + -+ = [R(U)" R(U)]ijLaxa + - -, (3.8)

where the - - - is a linear combination of Pauli matrices that we don’t need to examine. Setting
these two results equal, we have [R(U)"R(U)];; = &;j, or equivalently R(U)'R(U) = I3x3,
so R(U) is an orthogonal matrix, i.e. R(U) € O(3).

We still need to show R(U) € SO(3); at this point all we need to show is that det R(U) =
1. Rather than showing this directly, we can simply observe that since U = exp(id - /2),
we can continuously deform U to I simply by making & smaller and smaller. Since R is a
continuous function of U, and the determinant is a continuous function, det R(U) cannot
jump discontinuously as we change U in this way. Since the only two possible values of
det R(U) for an O(3) matrix are £1, and since det I = 1, we must have det R(U) = 1.

Now in principle we are done — we’ve shown that Eq. (3.4), given U € SU(2), produces
for us R(U) € SO(3). It’s clear that R(U) = R(—U), because changing U — —U does not
affect the right-hand side of Eq. (3.4). It’s nice to go a bit further and obtain an explicit
formula for R(U) in terms of U. We can do this by multiplying both sides of Eq. (3.4) by a
Pauli matrix 0% /2, and taking the trace. We have

%tr [o*Uo'UT] = %Rﬂ(U) tr [o*07] = Ryu(U)d; = Ru(U), (3.9)

where we used the fact that tr[o’o’] = 24;;. Rewriting this a bit more cleanly gives us the
formula we want:

1 . .
R;(U) = St [c'Ua?UT). (3.10)

3.2 Representations and projective representations

Now let’s discuss a different aspect of the relationship between SU(2) and SO(3). Because
the Lie algebras are the same, it is obvious that both the matrices L,, and the matrices
o'/2, give representations of both Lie algebras. But what about representations of the two
groups? Obviously we have (1) a two-dimensional rep of SU(2) with matrices exp(id - 5/2),
and (2) a three-dimensional rep of SO(3) with matrices exp(icy,Ly).

First, can we think about (2) as a rep of SU(2)? The answer is yes, and this is just an
application of the double-cover map. The group elements of SU(2) are 2 x 2 unitary matrices
U, and the double cover map gives us R(U) € SO(3). To show this is a representation, we
need to show R(Uy)R(Us) = R(UUs). We can show this by evaluating UyUsoUs U] in two
different ways. First we have

U Upa' UUT = (U, U)o (U UR) = Ry (UL U)o (3.11)



Or instead we can write
U Upo'UUT = Uy(Upa'UNUT = UL [Rs(Us) o’ |US

Setting these equal gives the desired result.

But can we think of (1) as a rep of SO(3)? The answer is “not quite,” but we can
if we generalize a bit what we mean by a representation. We need a function that, given
R € SO(3), outputs U(R) € SU(2). The problem is that there are two natural choices for
each R; we can take either U € SU(2) that maps into R under the double cover map. That
is, if we choose U(R), then —U(R) is an equally good choice. But ok, let’s make some choice
arbitrarily.

The next thing to do is to understand what happens when we multiply U(R;) and U(R3).
It turns out that

U(Rl)U(RQ) = w(Rl, RQ)U(RlRQ), (313)

where w(Ry, Ry) = £1. For example, take Ry = Ry = R(m, %), a rotation by 7 about the
z-axis. Then Ry Ry = R} = I. Taking U(R;) = U(Ry) = exp(imc?/2), we have

U(R)U(Ry) = exp(inc®) = —1 = (=1)U(R1Ry). (3.14)

Note that we still get the —1 even if we made the other choice for U(Ry).

Therefore what we have is not really a representation. But we can say the U(R) matrices
form a representation “up to a phase factor” w(R;, R2) — that is, multiplying the U(R)’s
is almost compatible with the multiplication table of the group. There are “mistakes,” but
the mistakes only result in being off by a phase factor. So we have a kind of generalized
representation, which is referred to as a projective representation. We can thus say that we
have a two-dimensional projective representation of SO(3), given by the matrices U(R). In
quantum mechanics, projective representations show up all the time and are quite reasonable,
because the overall phase of a quantum state is not observable anyway. Of course the most
familiar projective representation in physics is the same one we’ve been discussing, which is
often referred to as the spin-1/2 representation of SO(3).

4 TIrreducible representations of the SO(3) / SU(2) Lie
algebra

In quantum mechanics courses, you learn about the irreps of the SO(3) / SU(2) Lie algebra,
under the heading of theory of angular momentum. Therefore I don’t want to dwell on how
to find these irreps and know that you’ve found them all; instead I just want to list them and
describe some of their properties. You can find more details in Zee IV.2 or in your favorite
quantum mechanics book.

I'll refer to the Lie algebra in question as the SO(3) Lie algebra, and denote the generators
by Ji, Ja, J3, which obey the commutation relations
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The irreps are labeled by a single parameter j, which takes values j = 0,1/2,1,3/2,....
Let’s pick a value of j and describe the corresponding irrep. There are orthonormal basis
states {|7,m)}, where m = —j,—j + 1,...,47. There are clearly 25 + 1 such basis states,
and the dimension of the representation is 25 + 1. This representation is sometimes called
the “spin-j” representation, especially when its physical origin is from electron spin, but
sometimes even when the states originate from some other degrees of freedom (e.g. orbital
angular momentum). We have to say how the operators J; act on the basis states. We have

that is, the basis states are eigenstates of the J3 generator. It’s easiest to write down the
action of J; and Jy by defining the raising and lowering operators J. = J; 4+ ¢.J5, and these
act on the basis states by

Jelg,m) = /(G + 1+ m)( —m)lj,m+1), (4.3)

and

J_|j,m) =/ (j +1—m)(j +m)|j,m—1). (4.4)

From these equations it is straightforward to show that
Jg,m) = j(j + Dlj.m), (4.5)

where J2 = J2 4+ J2 4+ J2. Tt follows (or can be shown directly) that [J2,J] = 0. In the
context of Lie algebras, this operator, whose eigenvalue tells us which irrep we are looking at,
is referred to as a Casimir invariant for the SO(3) Lie algebra. Other Lie algebras also have
Casimir invariants that commute with the generators and whose eigenvalue only depends on
which irrep one is looking at. Some Lie algebras have multiple Casimirs, but SO(3) only
has one, and in the SO(3) case, the Casimir eigenvalue uniquely tells us which irrep we are
looking at.

5 Adjoint representation

Every Lie algebra has a representation called the adjoint representation (and it turns out to
be an irrep at least for most of the Lie algebras we are considering). The way we construct
the adjoint representation is analogous to the way we got the double cover map from SU(2) to
SO(3). In fact our construction will give us the adjoint representation of the Lie group, and
then we will get the adjoint rep of the Lie algebra by taking infinitesimal transformations.

Consider a Lie algebra with N matrix generators X, and commutation relations [X,, X;] =
i fape X Let U = exp(iapXy), then I claim that

UX U = Ry (U)X, (5.1)

where R(U) is a real N x N matrix, and moreover R(U;)R(Us) = R(U Us), i.e. R(U) gives
an N-dimensional representation of the Lie group.
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To see this claim is true, let’s consider a matrix-valued function
fON) = eMBe™4, (5.2)

where A and B are square matrices and A is a complex number. We can understand the
Taylor series for f(A) about A = 0 by computing derivatives. First we have f(0) = B. Next,

Do AF0) — F0A = (4 FOV) (53
Therefore the nth derivative is an n-fold nested commutator, for instance the second deriva-
tive is 2/
L = A ATV (54)
We thus have the Taylor series
f(A\) =B+ AA, B|+ /\;[A, [A, B]] + g—T[A, [A,[A,B]]] + - - (5.5)

We can then apply this result to Eq. (5.1) with B = X, and A = i, X, to see that
UX,UT is also a series of nested commutators. The first two terms are

UXUT = X, 4+ i[ap Xy, Xo] + - = Xo — W fraeXe + -, (5.6)

and we see that we have a real linear combination of the generators. (It is not hard to
convince yourself this conclusion holds up to arbitrarily high order.) So we’ve shown that
R(U) is areal N x N matrix.

Next, showing R(U;)R(Us) = R(U,U,) proceeds by exactly the same argument as when
we showed this for the double cover map. We won'’t repeat it again because it’s really exactly
the same.

Now that we have a real N-dimensional rep of the Lie group, let’s consider infinitesimal
transformations and get the corresponding N-dimensional rep of the Lie algebra. We let
U =1+i0Xy, and then Ry,(U) = dap + iao(T)4p, where the matrices T¢ are the generators
of the adjoint rep that we’d like to find. Plugging this into Eq. (5.1) we get

(I +iapXp) Xo(I — i Xe) = Xo + 0 (T€)5aXs (5.7)
Expanding the left-hand side to first order in o we have
(I +i0p Xp) Xo(I — i X,) = Xo + i[ap Xy, Xo] = Xo — @ fracXe = Xo — acfearXp  (5.8)
Matching these two results gives

(Tc)ba = ifcab = _ifacb' (59)
So we’ve found a representation of the Lie algebra whose matrices are given by the structure
constants. It’s actually not obvious from what we’ve done that these matrices are Hermitian
(and the corresponding representation of the Lie group is unitary). The right statement is
that it’s possible to choose a basis for the generators X, that makes the T matrices Her-
mitian, which also implies that in this cases f,,. = — fa. Since the structure constants are
already antisymmetric in the first two indices, making them anti symmetric in the second two
indices makes them completely antisymmetric! Often people choose the structure constants
to be completely antisymmetric.
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6 SO(N) tensors

In terms of applications, so far we’ve mainly thought about representations as coming from
the action of symmetry on the Hilbert space of a quantum system. For instance, irreps
arise as multiplets of degenerate energy eigenstates. But this is not the only way that
representations show up in quantum systems — observables can also form representations of
a symmetry group. Understanding how observables transform under symmetry is important
e.g. for selection rules which we will come to later. At the same time, thinking along these
lines we will find a large family of irreps of SO(N).

A familiar example is the position operator z; (i = 1,2,3) of a quantum particle in three
dimensions. Of course, SO(3) rotation is a symmetry of many familiar systems in single-
particle quantum mechanics, e.g. the hydrogen atom. Under a rotation R € SO(3), the
position operator changes by

x; = Rijx;. (6.1)

We can express this situation by saying “x; transforms as a representation of SO(3).” To
be a bit pedantic, we can think of z; as a three-component column vector and write the
transformation Eq. (6.1) as

T 517/1 Rin Rix Ris T
T — .%'/2 = R21 R22 R23 To . (62)
€3 IES R31 Rsy Rss €3

My point in writing things this way is just to make it clear that we are thinking of z; as a
column vector in a three-dimensional vector space, and R is a 3 X 3 matrix acting on these
column vectors

We can also express this situation by saying that x; is a SO(3) tensor. In general, a
SO(N) tensor is just a representation where the “column vectors” are objects carrying some
number of indices, and each index gets rotated independently of the others using a matrix
R € SO(N). If that statement does not make sense yet, that’s fine, it’s easier to understand
what we mean by a tensor by looking at some examples.

A particularly simple SO(N) tensor (or, we can also say SO(N) tensor rep) is the vector
v; (1 =1,...,N). For example, v; could be the position operator of a particle moving in
N-dimensional space. Under a SO(N) rotation R € SO(N), v; transforms by v; — R;;v;.
Clearly we can think of v; as an N-component column vector, and v; transforms as an N-
dimensional representation rep of SO(N). Of course this is just the familiar rep of SO(XN) in
terms of N x N SO(N) matrices. We often refer to this rep as “the vector rep of SO(N).”

The vector rep is irreducible for N > 2. For N = 3, note that the vector rep is the same
as the j = 1 rep, and also the same as the adjoint rep. Remember that the dimension of
the adjoint rep is always the same as the number of generators, which is N(N — 1)/2 for
SO(N), and this happens to equal 3 when we put N = 3. But for N > 3, the dimension of
the adjoint rep is larger than N, and the adjoint rep is not the same as the vector rep.

Now let’s move on to something a little more interesting. We consider a 2 index tensor

T;;, where 7,5 = 1,..., N. There are N? different choices for the pair of indices i and j, and

Rl
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this tensor has N? independent components. That is, thinking of each T}; as a real number,
we have a set of N? independent real numbers. Under R € SO(N), this tensor transforms
by

Tij — Tj; = RixRj(The- (6.3)

This is what we mean when we say “each index gets rotated independently of the others.”
Note that without Eq. (6.3), it would not be correct to say 7T;; is a tensor. When we say
something is a tensor, we do not only mean that it some object with a bunch of indices. We
also imply something about how those indices transform under some symmetry group.

A quick point about terminology: we say T;; is a rank-2 tensor, because it has two
indices. The vector v; is a rank-1 tensor. The rank of a SO(N) tensor is just the number of
its indices. By the way, there is a rank-0 tensor, the scalar representation. This tensor has
a single component s, which does not change under a rotation, s — s. The scalar rep is the
same as the one-dimensional trivial rep.

It was pretty obvious that the vector gives us a representation of SO(N), thinking of v; as
a column vector. But looking at Eq. (6.3) this may be less obvious. In fact, T}; transforms as
a N?-dimensional rep of SO(N). We can rewrite Eq. (6.3) by thinking about Tj; as forming
a big column vector with N? elements, and it gets multiplied by a big N2 x N? matrix whose
entries are products of matrix elements of R. That is,

] T
T RuRy RuRi T
7 | = RuRa RuRy --- Ts |- (6.4)

!
Tl 3

This makes it clear that we can think of T}; as giving us a N*-dimensional rep of SO(N).
Actually, if we want to be careful we should check that the matrices of this N2-dimensional
rep satisfy the usual rule D(g;)D(g2) = D(g192). To do that, consider two rotations R', R? €
SO(N). We consider two ways of transforming T};: (1) We first transform by R?, and then
by R!. (2) We transform all at once using the product R'R? € SO(N). If these two ways of
transforming 7;; agree, then we in fact have a representation. Let’s do (1). We have

Ty; — Tj; = Ry R} T, (6.5)
followed by
T}, = Tjj = Ry Rj Tiy = Ry Ry R R, T = (R R?) i (R R) ju Ty (6.6)

This is the same as what we get if we do (2).

The next question to ask is whether the rank-2 tensor Tj; is irreducible. It turns out that
it is reducible. We can see this by writing 7;; as a sum of symmetric and antisymmetric
tensors. We define

1
T{f = 5( ij T;z), (6.7)
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which is clearly a symmetric rank-2 tensor, i.e. T}; = T7;. We also define

1

A
T = §(Tz - Tn>7 (6.8)
which satisfies T;;‘ = —Tﬁ‘; that is, this is an antisymmetric tensor. We have
Ty =T + T (6.9)

We need to check that T;j and Té‘ actually transform like tensors under SO(N). Let’s
look at Tg . We have

1

15 = ) 610
1

— é(RikRjéTkﬁ‘l'RjﬁRikTék) (6.11)

= RiyR;/Ty, (6.12)

so indeed T} is an SO(N) tensor. (Note that I chose the names for the dummy indices
judiciously on the second line — if I didn’t make a nice choice in advance, I could have always
just renamed dummy indices as needed.)

It is easy to check that the same result holds for the antisymmetric tensor, that is
A A

What we've seen so far is that the symmetric tensor goes into itself under SO(N) trans-
formations, and similarly for the antisymmetric tensor. This implies that the tensor T;; is
a reducible rep — we have reduced it into its symmetric and antisymmetric parts. Thinking
of Tj; as a N*-component column vector again, writing 7;; in terms of symmetric and an-
tisymmetric parts gives a change of basis, where now in our column vector we first list all
the independent components of Tg in the column vector, then we list all the independent
components of E?:

T3
T3

(6.14)

Because the symmetric and antisymmetric parts of T;; don’t “mix” under SO(N) transfor-
mations, our discussion above implies

T3 5
T T
: /RS ‘ 0 :
Té —>\O ‘fRA/ ng ) (6.15)
Tt i3
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where R° and R* are square matrices encoding the SO (V) transformations of the symmetric
and antisymmetric parts, respectively. Writing things out this way makes it clear that we
have reduced the T;; tensor rep.

6.1 Rank-2 antisymmetric tensor

It turns out that the antisymmetric tensor 7}‘? is an irrep — we won'’t try to prove this. In
fact, this is the same as the adjoint rep. Remember that for SO(N), the adjoint rep is given
by

X, — RX,RT, (6.16)

where the X, are the imaginary antisymmetric matrices generating SO(N), which should be
thought of as basis vectors for the adjoint rep. A general real antisymmetric matrix 74 can
be written as a linear combination

T4 =i t.Xa, (6.17)

where t, are real parameters. Therefore we can think of 7 as transforming in the adjoint
rep by
T4 — iy t,RX,R" = RT*R". (6.18)

But this is exactly how the tensor Ti’;‘ transforms if we view it as a N X N matrix; we have
T/} = RixR;T{y = RuT{R;e = RuT{R}; = (RT*R");;. (6.19)

For N = 3 something special happens with TZ‘;‘ We can contract the antisymmetric
tensor with the epsilon tensor to get eijkTﬁg. It looks like — and it can be checked — this
transforms like the vector rep. So for N = 3 the rank-2 antisymmetric tensor is the same as
the vector (and it’s also the same as the adjoint rep). Another way to understand this is to
make the familiar observation that if ¢ and @ are two SO(3) vectors, then the cross product
U x w, which is an antisymmetric combination of the two vectors, is another SO(3) vector.

In equations,
1

(17 X IU)Z = €k VW = §eijk(vjwk — vkwj). (620)
6.2 Rank-2 symmetric tensor

It turns out that the rank-2 symmetric tensor Tg is reducible. To see this, we observe that
we can make a scalar rep out of Tg , by contracting it with d;;. That is we have

Contracting d;; with T;j is called “taking the trace” of Tg , and of course this is the same as
taking the trace if we view Tg as a matrix. This terminology is used a bit more generally

with tensors, though, as we’ll see below.
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To completely reduce Tg , we need to write it as a linear combination of a scalar part,

and a traceless part. The traceless part is

1
S S s
o =15 — —5ij5k£Tu> (6.22)
and it can be checked that 6;; T} ['S = 0. It turns out that this is an irreducible tensor. We can
write TS as the linear Combmatlon

~ N -1
TS - Tg + T(Sij(skalfév (623)

where the second term transforms like a scalar.

To summarize, now we have completely reduced the rank-2 tensor 7;;, which decom-
poses into three irreducible tensors: the rank-2 antisymmetric tensor, the rank-2 traceless
symmetric tensor, and a scalar.

For N = 3, it turns out that Tg is the same as the j = 2 irrep. One way to guess this is
true is to count the number of independent components (see below), and observe there are
five components, which is the same as 2j + 1 =2-2+ 1 = 5. (To prove this, we could think
in terms of angular momentum addition, and observe that we get a spin-2 upon taking a
symmetric combination of two spin-1’s. But we aren’t going to discuss this for lack of time.)

6.3 Higher-rank tensors

We can keep going with similar ideas to construct higher-rank irreducible tensors. For
instance a rank-3 completely antisymmetric tensor T,L;‘k is irreducible. “Completely antisym-
metric” means that we get a minus sign upon exchanging any pair of indices, e.g.

TA _ TA _ TA _ TA

igk T jik — ikj T kji- (624>

Similar to the rank-2 case, a rank-3 completely symmetric tensor TS is not irreducible,
because we need to “subtract out the trace.” First of all, for 7% 7 to be completely symmetric
means

s

17 j )
from which it follows that we can permute the indices however we want. But the trace §;;77 ik
transforms like the vector rep, and We 'd like to subtract this out to get a rank-3 traceless
symmetric tensor TSk satisfying 6;; 7} = 0. (Notice that while we took the trace on the
first two indices, this doesn’t matter — because TSk is symmetric, we will get the same tensor
no matter which two indices we trace over.) The irreducible tensor we want is given by the
following expression:

1
TS
CLE N

Something different from the rank-2 case is what happens if we try to reduce a rank-3
tensor Tj;, with no symmetry properties what soever, here we have

ﬂjk T]k + fFzI;‘k o (627>

(3

T]k

1,

(513 (5€mT£mk + 5zk5€ngm] + 53k5ﬁmT£mz) (6.26)
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where the is non-zero, and includes tensors with definite patterns of symmetry of the
indices which are neither completely symmetric nor completely antisymmetric. Indeed, to
find all the irreducible tensors at rank-3 and above we would need to consider such tensors
of more complicated symmetry, but we won’t do that in this course.

6.4 Counting independent components

Now we’ve that we’ve discussed a number of tensor reps of SO(XN), including a number of
irreducible tensors, you might wonder what are the dimensions of all these reps. Put another
way, how many independent components do all these tensors have? Finding the dimensions
of irreps (or, equivalently, counting the number of independent components of an irreducible
tensor) is important in physics applications. Here is one reason this is important: in particle
physics, when one has a Lie group symmetry G, irreps of G' can correspond to multiplets of
particles all with the same mass (or, if the symmetry is approximate, with approximately
the same mass). Group theory has been used to explain such multiplets of particles. At
the same time, experimentally finding and then understanding such multiplets in terms of
symmetry has shed light on symmetries (and approximate symmetries) in particle physics,
and this has helped to constrain the development of theories and lead to further predictions.
The importance of this role of group theory in particle physics is even built into the common
physicist’s notation of referring to irreps by their dimensions.
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